We analyze interrelation of quantum and classical entanglement. The latter notion is widely used in classical optic simulation of some quantum-like features of light. We criticize the common interpretation that "quantum nonlocality" is the basic factor differing quantum and classical realizations of entanglement. Instead, we point to the breakthrough Grangier et al. experiment on coincidence detection which was done in 1986 and played the crucial role in rejection of (semi-)classical field models in favor of quantum mechanics. Classical entanglement sources produce light beams with the coefficient of second order coherence g (2) (0) ≥ 1. This feature of classical entanglement is obscured by using intensities of signals in different channels, instead of counting clicks of photo-detectors. Interplay between intensity and clicks counting is not just a technicality. We elevate this issue to the high foundational level.
Introduction
The classical electromagnetic field can be successfully used to model some basic features of genuine quantum physical systems (see, e.g., [1, 2, 3] and recent review [4] and the references herein). In particular, classical field modeling is a helpful tool for simulation in quantum information theory. However, the foundational output of quantum-like modeling with classical light and other types of waves is not straightforward. In this note, I would like to discuss the foundational meaning of so-called "classical entanglement" and the widely spread view that "quantum nonlocality" (whatever it means) plays the crucial role in distinguishing classical and genuine quantum entanglements. The "quantum nonlocality" viewpoint was clearly formulated by Spreeuw in widely cited paper [2] which is often mentioned by experimenters for foundational justification of their activity:
"It is found that the model system (classical electromagnetic field) can successfully simulate most features of entanglement, but fails to simulate quantum nonlocality. Investigations of how far the classical simulation can be pushed show that quantum nonlocality is the essential ingredient of a quantum computer, even more so than entanglement. The well known problem of exponential resources required for a classical simulation of a quantum computer, is also linked to the nonlocal nature of entanglement, rather than to the nonfactorizability of the state vector."
and then "However, the (classical-quantum) analogy fails to produce effects of quantum nonlocality, thus signaling a profound difference between two types of entanglement: (i) "true," multiparticle entanglement and (ii) a weaker form of entanglement between different degrees of freedom of a single particle. Although these two types look deceptively similar in many respects, only type (i) can yield nonlocal correlations. Only the type (ii) entanglement has a classical analogy."
[Comments in italic were added by the author of the present paper.] However, one can proceed without referring to mysterious quantum nonlocality -by taking into account that quantum theory is about acts of observations. These acts are characterized by individuality and discreteness. This crucial point in understanding of quantum theory is missed by authors discussing classical entanglement. They is missed that the main deviation of classical light models from quantum theory is not only in the states, but in descriptions of measurement procedures. The classical and semiclassical descriptions of measurements are based on intensities of signals in different channels. The quantum description of measurements is based on counting the discrete events, clicks of detectors, with the aid of the Born's rule. Operating with intensities obscures the problem of coincidence detection. We recall that quantum theory predicts that the relative probability of coincidence detection given by the coefficient of second order coherence g (2) (0) is zero (for one photon states), but in (semi-)classical models g (2) (0) ≥ 1. Genuine quantum theory differs from classical light models reproducing quantum correlations not by "quantum nonlocality", but by the magnitude of second order coherence. Classical and semiclassical models were rejected long ago as the result of Grangier et al. [5] experiment on coincidence detection (see [6] for historical review on such experiments).
Moreover, "quantum nonlocality" by itself is really misleading notion. As shown in [7] , the Bell tests can be consistently interpreted in the purely quantum theoretical framework (without any coupling to Bell's hidden variables theory [8, 9, 10, 11, 12] ) as statistical tests of local incompatibility of quantum observables, i.e., as tests of the most fundamental principle of quantum mechanics, the complementarity principle [13] (see also [14, 15, 12] ). For reader's convenience, the compact presentation of the "Bohr against Bell argument" is given in section 10.
Nonlocality mess
Nowadays playing with the notion "quantum nonlocality" is the real mess. People widely operate with this notion and often without any specification on its meaning. We briefly recall the history of its appearance.
The starting point of propagating of quantum nonlocality through the quantum community was the EPR-paper [16] . Here nonlocality in the form of action at a distance was counted as a possible alternative to incompleteness of quantum mechanics. The EPR-argument was based on invention of elements of reality and counterfactual reasoning. This reasoning can lead to the idea on mystical action at a distance. Bohr replied Einstein [17] by pointing to the metaphysical nature of elements of reality.
Einstein and Bohr did not understand each other, because they behaved towards quantum mechanics in the totally different ways. For Bohr, quantum mechanics is observational theory, it is about measurements performed by classical measurement apparatuses on microsystems. In modern terminology, quantum mechanics is an epistemic theory [18] ; it is about extraction of knowledge about nature with the aid of measurements. For Einstein, quantum mechanics (as any physical theory) was a descriptive theory providing consistent and complete description of nature. Philosophers also use the notion of ontic theory, i.e., theory describing nature as it is -when nobody looks at it (see also [19] ). In any event, Einstein's message on action at a distance approached the quantum community. And at the same time the seeding issue of (in)completeness of quantum mechanics was totally forgotten.
By criticizing the interpretational output of extended research on classical entanglement, I only criticize coupling to mystical quantum nonlocality. As shown in [7] (see also [20] - [29] and section 10), quantum mechanics by itself has no coupling to such kind of nonlocality. (This statement is also strongly supported by quantum field theory, e.g., [30, 31] .) At the same time, a subquatum theory can in principle be nonlocal, as Bohmian mechanics and other theories with hidden variables considered by Bell [8, 9, 10] . However, generally, in spite of the Bell theorem, a subquantum theory can be free of nonlocality of action at a distance type; see [32, 33] and Appendix 1 for prequantum classical statistical field theory (PCSFT). The latter is the classical random field model beyond quantum theory. (Coupling between PCSFT and quantum mechanics is not so straightforward as in the Bell framework [8, 9, 10] ). PCSFT pretends [32, 33] that genuine quantum systems can be mathematically represented by classical random fields. So, it is not a part the classical entanglement project. It is a part of extensive studies on classical probabilistic reconstruction of quantum theory (see, e.g., [34] - [42] ).
Thus I also contributed to random field modeling of quantum correlations. Therefore generally I am sympathetic to the classical entanglement project. Moreover, by reading Spreeuw's paper [2] , I had the impression that, in fact, by writing about "quantum nonlocality" he had in mind the correlations of spatially separated signals, as,e.g., in radiophysics (cf. with the above discussion on quantum nonlocality mess).
3 Inter-intra system versus quantumclassical entanglements
As stated in recent review [4] , "...the name classical entanglement denotes the occurrence of some mathematical and physical aspects of quantum entanglement in classical beams of light. ... the term classical in the name classical entanglement, indicates the nonquantum nature of the excitation of the electromagnetic field. .... A typical example thereof is given by a collimated optical beam with non-uniform polarization pattern." We continue by citing [2] : "It should be noted that the choice of optical waves is not essential for the analogy. Other classical waves such as sound, water waves, or even coupled pendula could be used in principle."
In short, classical entanglement is associated with the "nonquantum nature of the excitation of the electromagnetic field" or modes of classical waves of any origin. Generally, classical systems of any origin can be considered, see, e.g., [44] on entanglement of classical Brownian motions.
This paper is directed against the statement that the difference between classical and genuine quantum entanglements is due to quantum nonlocality. Now we remark that comparison classical-quantum entanglements is typically coupled to comparison intra-inter system entanglements. Intra-entanglement is between degrees of freedom of a single system and inter-entanglement is between degrees of freedom of two systems, S 1 and S 2 .
Classical entanglement modeling is possible only in the intrasystem context [1, 2, 3, 4] . One may conclude that this feature of entanglement plays the crucial role in distinguishing classical and quantum entanglements. This reasoning also leads to conclusion that only intersystem entanglement is "true quantum entanglement" (since intrasystem entanglement can be generated even with classical fields).
In this paper, we demonstrate that classical intrasystem entanglement differs fundamentally not only from quantum intersystem entanglement, but even from quantum intrasystem entanglement. Thus, comparison classicalquantum entanglements has no relation to intra-inter comparison (and, hence, no relation to quantum nonlocality).
This comparative analysis of inter-intra system versus quantum-classical entanglements can be completed by the following remark. The impossibility of classical representation of intersystem entanglement is related only to the very spacial class of the field models elaborated in the classical entanglement project [4] (cf. [32, 33] : in PCSFT, both types of entanglement (intra and inter) can be realized, but they have different mathematical representations, see Appendix 1 for further discussion).
Finally, we note that the intra-inter system difference of entanglements is invisible in the quantum theoretical framework. In particular, this difference cannot be justified with the aid of the Bell type inequalities (see [7] and section 10). To distinguish intra-intersystem entanglements, we have to go beyond quantum theory (see [32, 33] and Appendix 1).
Grangier et al. experiment separating classical field theories from quantum mechanics
We start with citing the breakthrough paper of Grangier et al. [5] :
"However, there has still been no test of the conceptually very simple situation dealing with single-photon states of the light impinging on a beam splitter. In this case, quantum mechanics predicts a perfect anticorrelation for photodetections on both sides of the beam splitter (a single-photon can only be detected once!), while any description involving classical fields would predict some amount of coincidences."
Following [5] , denote by p 1 , p 2 the probabilities of detection in two channels after beam splitter and by p c the coincidence probability. Then by using the semiclassical model of detection it is easy to show that
This inequality means clearly that the classical coincidence probability p c is always greater than the accidental coincidence probability, which is equal to p 1 p 2 . The violation of inequality (1) thus gives an anticorrelation criterion, for characterizing a nonclassical behaviour of light (see [5] ). The crucial theoretical point is that in classical and semiclassical models the basic physical quantity is intensity of a signal. In Grangier et al. experiment, these are I(t), intensity of imprinting on the beam splitter, and I 1 (t), I 2 (t) are intensities of signals in the two output channels. The use of intensities, instead of counting of clicks, obscures the coincidence detection problem. We claim that this is not just a technicality, but the very important foundational issue. And we shall continue discussion in following sections. However, the reader who is not so much interested in foundational questions can jump directly to conclusion-section 11. The main critical point has already been presented.
Finally, we remark PCSFT [32, 33] suffers of the same problem as the classical entanglement models -the "double detection loophole" (see Appendix 2 for further discussion and attempts to close this loophole by using the treshold detection scheme).
Quantum measurements
Consider a quantum observable A represented by Hermitian operatorÂ with purely discrete spectrum (a i ). By the spectral postulate of quantum mechanics any measurement of A produces one of the values a i (as the result of interaction of a quantum system with an apparatus used for A-measurement). Thus quantum measurements are characterized by individuality of outputs. This crucial feature of quantum measurements was emphasized by Bohr who invented the notion of phenomenon [13] (see also [14, 15] Thus, although quantum theory produces statistical predictions, its observables generate individual phenomena. Discreteness of detection events is the fundamental feature of quantum physics justifying existence of quantum systems, carriers of quanta. One may say that axiomatic of quantum theory does not contain the special postulate on discrete clicks and the statistical interpretation of probabilities. It depends on what he sees as axiomatic of quantum theory. The structure of complex Hilbert space does not. But once one introduces projectors and the Born's rule to a relate quantum state to the outcome of experiment, both discreteness and probability enter. The Born rule is not part of the Hilbert space structure and, while mathematically natural (in connections the complex quantities of the formalism to real one and the probability) it is brought ad hoc, and why it works, and it works perfectly, is enigmatic. In a way that is the main quantum mystery why Born's rule works.
One may point to the existence of quantum observables with continuous spectra. The problem of their measurement was analyzed in detail by von Neumann [45] . His analysis implies that measurement of an observable with continuous spectrum has to be reduced to measurements of observables with discrete spectra approximating it. This is the complex foundational issue and we would not go into a deeper discussion; our considerations are restricted to observables with discrete spectra.
In the classical wave framework the origin of the analog of the quantum Born's rule, so to say the Born's rule for intensities is straightforward. If a classical wave has two orthogonal components, i.e.,
with intensities I 1 and I 2 , then corresponding probabilities can be expressed in the form p j = I j /(I 1 + I 2 ), j = 1, 2, and intensities are given by the "classical Born's rule":
However, this is the separate question whether the coefficients p j can really be interpreted as probabilities of discrete events. In papers on classical entanglement, there are considered expansions of state-vectors with respect to orthonormal bases in complex Hilbert spaces.
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Such expansions may make the impression that the standard quantum mechanical scheme of measurement can be applied. This is not the case. For classical signals, it is impossible to project the initial state on the state corresponding to one concrete outcome. In the two slit experiment with classical waves, a wave propagating from the source passes both slits at the same time.
Finally, we remark that in classical field theory the method of complex Hilbert space started to be used even before appearance of quantum mechanics. We can mention, for example, Riemann-Silberstein representation, Ψ(x) = E(x) + iH(x), for the classical electromagnetic field. In this representation, the Maxwell equation has the form of the Schrödinger equation. So, studies on classical entanglement are consistent with complex Hilbert space analysis of classical signals.
Comparing classical and quantum superpositions
From my viewpoint, the misleading journey towards classical entanglement starts already with identifying classical and quantum superpositions. Physically these superpositions are totally different, in spite of the possibility to represent them by the same mathematical expression.
Consider a classical electromagnetic field with n orthogonal modes corresponding to frequencies (ν j , j = 1, ..., n) with complex amplitudes (C j ). This field can be represented in n-dimensional complex Hilbert space with the basis (e j ≡ |ν 1 , j = 1, ..., n) :
This vector can be normalized:
where
What is the main difference of classical field superposition (5) from the genuine quantum superposition?
The main difference is in measurement procedures determining probabilities p j = |c j | 2 . For the classical field, it is impossible to detect discrete clicks in n channels without coincidence detections, where the degree of coincidence is determined by coefficient g (2) (0). Thus, to see the difference between classical and quantum light, on need not consider formal entanglement expressions corresponding for different degrees of freedom. It is sufficient to consider one degree of freedom and superposition.
Comparing classical and quantum entanglements
Following papers on classical entanglement, consider two degrees of freedom of the classical electromagnetic field which can be jointly measured. The four dimensional complex Hilbert space contains states of this field that are nonseparable and formally they can be treated as entangled. Here "entangled" is understood purely mathematically, as the special form of representation in complex Hilbert space endowed with the tensor product structure. As in the case of superposition, the devil is not in the state, but in measurement. For the classical electromagnetic field, photo-detectors cannot produce phenomena, in Bohr's sense. The measurement procedure suffers from coincidence detection.
Quantum information: role of discrete clicks of detectors
The bit is a portmanteau of binary digit and this preassumes the discrete structure of information represented by bits. In Wikipedia, it is stated that "a qubit is the quantum version of the classical binary bit that is physically realized with a two-state device. A qubit is a two-state (or two-level) quantum-mechanical system, one of the simplest quantum systems displaying the peculiarity of quantum mechanics." Although Wikipedia is not the best source of citation in a research article, this definition is really useful for our further analysis. Its second part reflects common neglect by the role of measurement. At the same time the first part points perfectly to a two-state device, the source of discrete counts; a device that can distinguish two states. Unfortunately, in quantum information research one typically operates with states forgetting about extracting information from them. As we have seen in section 7, two states superpositions by their selves are not quantum. Genuine quantum superposition is combination of a state and measurement procedure extracting discrete alternatives.
Thus, quantum information theory is not reduced to linear algebra in complex Hilbert space. Its main component is quantum measurement procedure. The main value of quantum information (as well as classical one) is in the possibility to extract from states discrete events.
Has classical entanglement anything to do with original Bell argument?
The above critique of attempts to couple studies on classical entanglement with quantum theory can also be applied to attempts to couple classical random field correlations violating Bell type inequalities with the original Bell argument [8, 9, 10] . Bell applied classical probability theory to derive his inequality. The later was used to compare the classical probabilistic representation of correlations with the quantum theoretical description.
We recall that in classical probability theory observables are represented by random variables, functions on sample space. Denote the latter by symbol Λ (although mathematicians typically use symbol Ω). Then a random variable ξ : Λ → R and by definition of a function it takes only one value ξ(λ) for each λ ∈ Λ. Thus by getting the clicks in both channels one understand that it is impossible to represent such measurements by classical random variables.
We remark that originally (following EPR-paper [16] ) Bell was interested in explanation of perfect correlations. In his original inequality [8] , it was assumed that ranges of values of quantum and classical observables should coincide, i.e., the range of values is the two point set {±1}. A classical random variable is a function ξ : Λ → {±1}. And if one would accept that for some set of λs, ξ is multivalued, i.e., at the same time ξ(λ) = −1 and ξ(λ) = +1, then classical probability theory stops to work. There is no way to derive the Bell inequality. In the CHSH-framework, the range of values of observables was extended to the segment [1, +1] . However, this was done with only one purpose, namely, to include value 0 corresponding to non-detection event. Thus in real physical modeling the range of values is given by the discrete set {−1, 0, +1}.
Moreover, as was already pointed out, von Neumann emphasized [45] that any Hermitian operatorÂ with continuous spectrum is just a symbolic expression of converging sequence of quantum observables with discrete spectra, representing approximate measurements.
The above remarks on discreteness of quantum and classical observables were presented only to underline the astonishing difference between measurement procedures in the Bell framework and in classical optics. Even classical random variables with continuous range of values are mathematically represented by single-valued functions.
"Superstrong quantum correlations": comparing original Bell inequality and CHSH-inequality
Excitement of researchers violating the CHSH inequality (theoretically or experimentally) with classical field correlations is well understandable. The statement on "superstrong quantum correlations" that cannot be represented as classical correlations has been emphasized in the quantum community. Typically correlations were associated with states and the issue of quantum vs. classical measurement procedures was practically ignored. This is the good place to point that transition from the original Bell inequality [8] to the CHSH-inequality [11] was not so innocent from the foundational viewpoint. The original Bell inequality is about explicit correlations and hence comparison of the concrete values of observables (cf. [16] ). It is evident that, for this inequality, transition from discrete clicks to intensities is nonsense. In the CHSH-framework, this basic issue was obscured. Instead, the issue of "superstrong quantum correlations" was elevated (see [46] for discussion; see also [47] for related theoretical study). Nowadays we are much closer to performance of experiments on violation of the original Bell inequality (see [46] for analysis of the present situation in theory and experiment). Such experiments will immediately distance quantum physics from its classical simulation.
Bell's inequalities as tests of observables' incompatibility
The unconventional interpretation of Bell's type inequalities was proposed in recent author's paper [7] . This paper presents purely quantum mechanical treatment of these inequalities, i.e., without any relation to hidden variables. Observables measured in experiments are coupled directly to quantum observables. It was shown that in this framework these inequalities express the compatibility-incompatibility interplay for local observables. Thus quantum theory has nothing to do with nonlocality. For reader's convenience we briefly present the aforementioned analysis.
The quantum theoretical CHSH-correlation function has the form:
where ψ is a pure quantum state (mixed states can be considered as well).
(This quantum theoretical correlation functions is compared with the experimental CHSH-correlation function.) In the quantum framework, the CHSH-correlation function can be expressed with the aid of the Bell-operator:
as
By straightforward calculation one can derive the Landau identity:
This identity implies that if at least one of commutators [Â 1 ,Â 2 ], [B 1 ,B 2 ] equals zero, i.e., if at least one pair of observables, (A 1 , A 2 ) or (and) (B 1 , B 2 ), is compatible, then for any state ψ,
i.e., for each state ψ,
This is the quantum version of the CHSH-inequality. The classical bound by 1 has the purely quantum explanation. Simple spectral analysis shows (see []) that if the product of commutators is not equal to zero, i.e., in both pairs (A 1 , A 2 ) and (B 1 , B 2 ) of observables are incompatible, then either
This condition can be rewritten in a compact form. Denote by σ some permutation of the indexes for the A-observables and the indexes for the Bobservables and denote byB σ the operator with corresponding permutation of indexes. If the product of commutators is not equal to zero, then
i.e., there exists some state ψ such that the CHSH-inequality is violated at least for one of correlations B σ ψ . The issue of locality can be formalized by introducing the tensor product structure on the state space H, i.e., H = H 1 ⊗H 2 and considering observables represented by Hermitian operators in the formÂ i =Â i ⊗I andB i = I ⊗B i , where Hermitian operatorsÂ i andB i act in spaces H 1 and H 2 , respectively. Then the condition of commutativity respects the tensor product structure,
Now, if the tensor product structure corresponds to the compound system structure, then [Â 1 ,Â 2 ] = 0 and [B 1 ,B 2 ] = 0 are conditions of local incompatibility of observables. Thus satisfaction-violation of the CHSH-inequality is completely determined by these local conditions.
Concluding remarks
The aim of this note is to distance the technical impact of "classical entanglement" research (both for theory and experiment) [4] from its misleading interpretation, as supporting "quantum nonlocality" [2] . First we present the main points of our analysis of the notion "quantum nonlocality":
• In modern physics, its using is the real mess.
• The ontic-epistemic (descriptive-observational) viewpoint on scientific theories clarifies misunderstanding between Einstein and Bohr.
• Einstein's treatment of elements of reality as components of observational theory leads him to really misleading notion of quantum nonlocality, based on action at a distance.
• Bell type inequalities have the purely quantum interpretation as tests of local incompatibility.
We now list the main conclusions from our analysis of interrelation of classical and quantum entanglements:
• The difference between them can be explained by Grangier et al. experiment [5] (without referring to quantum nonlocality.)
• The coincidence detection problem elevates the role of measurement procedures.
• The distinguishing feature of quantum measurements is discreteness and individuality of outcomes (as expressed in Bohr's notion of phenomenon).
• The role of generation of discrete events for quantum information theory is clarified.
• Derivation of quantum(-like) correlations with classical entanglement [] implies that the Hilbert space formalism has to be distinguished from genuine quantum physics.
• Generally, mathematics has to be distinguished from physics.
• Classical entanglement is not consistent with Bell's hidden variables theory: coincidence detection blocks the use of random variables.
This comparison of classical and quantum entanglements and critique of the "quantum nonlocality" interpretation of their difference is the main output of the paper.
Appendix 1: Subquantum modeling of inter-intra system entanglements
One possibility is to appeal to so-called prequantum classical random field theory (PCSFT) [32, 33] that is devoted to modeling of both forms of entanglement, intra and inter system, with the aid of classical random fields. PCSFT provides the abstract random field representation of quantum averages and correlations. In PCSFT, intra and inter system entanglements have different mathematical representations.The crucial point is that representation of intersystem entanglement (in PCSFT) is impossible without assuming the presence of a random background field, a kind of the zero point field (field of vacuum fluctuations) explored in stochastic electrodynamics. In principle, the presence of such a background field can be interpreted as nonlocality, although the use of such a terminology would be really misleading. Say in radiophysics, nobody would associate some mystical features with a random background. However, in this note we shall not present the details of the PCSFT modeling of intra and inter system entanglements. We plan to do this in a future publication.
